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Abstract 



("^ ■ We study the inclusion of point and string matter in the deSitter gauge 

O^ ' theory, or MacDowell-Mansouri formulation of four dimensional gravity. 

We proceed by locally breaking the gauge symmetries of general relativity 

« -J ' along worldlines and worldsheets embedded in the spacetime manifold. 

qh| Restoring full gauge invariance introduces new dynamical fields which 

I . describe the dynamics of spinning matter coupled to gravity. 

i^rv' We discuss the physical interpretation of the obtained formalism by 

studying the flat limit and the spinless case on arbitrary backgrounds. It 
turns out that the worldline action describes a massive spinning particle, 
while the worldsheet action contains the Nambu-Goto string augmented 
with spinning contributions. 

Finally, we study the gravity/matter variational problem and conclude 
by discussing potential applications of the formalism to the inclusion of 
-y~, , the Nambu-Goto string in spinfoam models of four dimensional quantum 

• ■ gravity. 
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1 Introduction 

Our common quantum relativistic understanding of matter in terms of finite 
dimensional, irreducible representations of the Poincare algebra is a very rough 
approximation of reality. This description is tied to the isometrics of the flat, 
Minkowski solution to general relativity and yields a good approximation only 
in very weak gravitational fields, like for instance, in our particle accelerators 
where the successes of quantum field theory have been crowned. 

In a fundamental theory of Nature, one cannot expect this approximation 
to be valid since in the early, Planckian universe, spacetime is undoubtedly not 
flat. Accordingly, the search of the fundamental structure of matter is tied to 
non-trivial, and certainly quantum configurations of the gravitational field. In 
turn, a complete theory of quantum gravity will have to incorporate a precise 
description of the degrees of freedom of matter. 

As a first step, it seems therefore natural to look for an understanding of 
matter which does not rely on a particular fixed background geometry at the 
classical level. This will automatically render the formulation compatible with 
non-perturbative attempts to the quantisation of gravity which cannot, consis- 
tently, rely on a fixed, background metric structure. 



A very old and appealing idea consists in considering the Einstein equations 
as defining the notion of matter. In other words, to consider matter as particular, 
possibly singular, configurations of the gravitational field. In this framework, 
we are reversing the standard picture where matter is defined on flat spacetime 
and then tentatively extended to other solutions of general relativity. Here, we 
are starting from the gravitational perspective, without selecting a preferred 
solution, and deriving matter from the geometry of spacetime. Obviously, this 
formulation should reproduce the standard properties of matter in the flat limit, 
but will also select a preferred formulation from the gravitational perspective. 
For example, such a reversed approach has recently led to conceptually and 
technically strong results regarding the coupling of matter to three dimensional 
quantum gravity [2], [2- 

The concrete implementation of this procedure relies on a the gauge sym- 
metries of gravity, that is, diffeomorphisms and local Lorentz transformations. 
The idea is to locally break these symmetries by introducing fixed membranes 
of various dimensions embedded in the spacetime manifold. Restoring the full 
gauge invariance transforms the would-be gauge parameters into dynamical vari- 
ables living on the membranes. These new fields describe the matter degrees of 
freedom; the diffeomorphism and Lorentz gauge symmetries being respectively 
related to the embedding, and the momentum and spin of the membrane. 

The detailed account of the above derivation in the deSitter gauge theory 
formulation of gravity is the content of the first section of this paper. This covers 
the particle case derived in ,22j and the string case which is new. In section 
two, we study the physical interpretation of the obtained formalism by making 
contact with the description of matter in fiat space in terms of pseudo-classical 
variables [8], [16], [H]. In this context, we compute the invariants associated 
to a particle and to a string to unravel the physical picture emerging from the 
formalism. Finally, section three is devoted to the variational problem of the 
actions of section one. Wc review the results of |5^ for the particle, and find 
similar equations of motion for the string. We derive the corresponding Einstein 
equations and discuss some solutions for the spinless string case. Finally, we 
discuss some perspectives concerning the inclusion of the Nambu-Goto string in 
spinfoam models of four-dimensional quantum gravity. 

2 Gauge defects in general relativity 

We firstly recall the basics of the McDowell-Mansouri formulation of four- 
dimensional general relativity (GR) with positive cosmological constant. Then, 
we include matter by locally breaking the symmetries of the theory. 

2.1 deSitter gauge theory formulation of gravity 

The idea that first order GR with zero cosmological constant is related to a 
gauge theory of the Poincare group has been investigated for the last fifty years 
following the pioneering works of Utiyama [^ , Kibble [T^ and Sciama [TT] . In 
this framework, the fundamental fields of first order GR, the coframe e and 
metric connection A, can be combined into a single Cartan connection taking 
value in the Poincare Lie algebra. In fact, it turns out that this more unified 
description, relying on the notion of Cartan geometry, can be extended to all 



values of the cosmological constant. The idea is to construct first order GR 
from a gauge theory with symmetry group the isometry group associated to the 
maximaUy symmetric solution of the corresponding Einstein equations, that is, 
the Poincare, deSitter and anti-deSitter groups in the A = 0, A > and A < 
cases respectively. For a detailed account on the relation between gravity and 
Cartan geometry, see [H]. 

However, unlike three-dimensional gravity, GR in four dimensions is only in- 
variant under the Lorentz subgroup of the above larger isometry groups. For in- 
stance, in the A = case, the Einstein-Cartan Lagrangian is not invariant under 
local translations and thus is not Poincare invariant. Hence, four-dimensional 
gravity is not a true gauge theory but rather a broken phase of a gauge theory 
based on a larger isometry group than the Lorentz group. This symmetry break- 
ing can be described in terms of Higgs fields in the Cartan gauge theories where 
GR is obtained by choosing the appropriate Lorentz-invariant ground state. See 
[l2] and references therein for details. 

This gauge theory formalism of gravity has a substantial geometrical inter- 
pretation, and has shown to be powerful! in the context of three-dimensional 
quantum gravity. For our purposes, namely the introduction of matter, it will 
be very convenient, allthough not necessary, to pack the co- frame e and the 
connection A in a single object and to work within this formalism. In this 
paper, we will essentially work in the A > case, supported by experimental 
evidence, in both Lorentzian and Riemannian signatures, keeping track of the 
A = situation as a limiting case. Hence, we will be interested in the isometry 
group G — 80(775) of a flat five dimensional metric 775 = {a"^ ^ -I-, -|-, -I-, -|-), with 
a — i (resp. a ~ 1) in Lorentzian (resp. Riemannian) signatures, that is, the 
deSitter group G = S0(4, 1) (resp. the rotation group G = S0(5)). 

2.1.1 The deSitter algebra 

The deSitter algebra 50(775) is a real ten-dimensional semi-simple Lie algebra. 

Let ((7a_b)a<b=o 4: <^AB = —o-BA, denote a basis of generators, and (tt, l^^) 

be the vector representation of 5o(7;5). In this representation, the generators 
are given by the ten, five by five matrices with matrix elements TT{aAB)\j = 
SIaVsjb — il5AjSlg, I,J^ 0, ...,4. Consider the basis relabelling leading to 
the 6-1-4 decomposition of 30(7^5): 

50(775) = I^©F, (1) 

where 

W ^R{aab}a<b=0.....3, and F = R{Pa}a=0,...,3, 

with Pa = l^^ aa4- The rescalling^ of the generators involves a factor I with 
dimension of a length. It is related to the cosmological constant A > by 
requiring that deSitter space with radius I is a solution to the vacuum Einstein 
equations with positive cosmological constant A. This leads to the relation 
l^ = 3/A. 

The matrix elements of the five by five matrices TT{(Tab) and 7r(Pa) are read 
out of the vector representation of the deSitter generators ctab ■ 



^Note that the components of the elements of 60(775) in the above basis are rescalled 
accordingly, i.e., all X in so(?75) is written X = {l/2)X^'^aAB = il/2)X°''aab + X"-Pa, with 
X" = IX"-'^ acquiring the dimension of a length. 



In this presentation, the Lie algebra structure of 50(775) is given by 

[fafc, (Jed] — Vad'Jbc + Vbcf^ad — VbdfJac " VacCTbd 
Wab, Pc] = VbcPa " VacPb 

[Pa,Pb]^-^<Jab. (2) 

In fact, we have constructed a family of semi-simple Lie algebras parametrised by 
the real number I. For finite I, all these algebras are isomorphic as Lie algebras 
and the structure constants approach a well defined limit for I ~> 00, when the 
deSitter radius becomes large, that is, when the cosmological constant goes to 
zero. However, the Lie algebra recovered in this limit is no longer isomorphic to 
the Lie algebras obtained for finite I. The algebra obtained by this contraction 
is the Poincare algebra (or the Euclidean algebra) 150(77). 

The above Lie algebra structure shows that the split U]) only occurs at the 
level of vector spaces. However, the subvector space W is in fact a subalgebra 
generating an isometry subalgebra 50 (77) in5o(775), where 77 = (cr^, +, +, +) is the 
diagonal form of a Lorentzian (resp. Riemannian) metric g on M, i.e., 50(77) = 
so(3, 1) (resp. 50(77) =so(4)). Note that allthough the split (P) is not deSitter 
invariant, it is preserved under the adjoint action of the Lorentz subgroup; 
the underlying Cartan geometry is reductive. Concerning the subspace V, the 
commutation relations ^ show that it is not a subalgebra but is isomorphic as 
a vector space to the vector representation F^ = R^'^ (resp. K, = W^) of 50(7;), 
by dimensional considerations. 

Therefore, there exists an inclusion map 

i : 50(77) ®Vr,^W®V, (3) 

embedding 50(7/) (resp. Kj) into the deSitter algebra 50(775) as a Lie subalgebra 
(resp. as subvector space). 

Using this isomorphism, we can relate the adjoint action of the isometry 
subgroup associated to the split ((T|) on the translational part V of the deSitter 
algebra 50(775) and the action of an isometry in V^,. A Lorentz transformation 
(or a rotation) A in Vq is related to the adjoint action on t(Kj) by the relation 
l{Av) = Al{v)A^^, forall v in V^,, where on the right hand side A is an element 
of the subgroup SO (77) C SO (7^5). In terms of the chosen basis of V, the relation 
yields AP,A-i = A^.P,. 

We now endow the deSitter algebra with a metric structure. Let (, ) = — i tr 
be a non-degenerate, symmetric bilinear form on 50(775), constructed from the 
trace 'tr' in the vector representation. This metric is invariant under the adjoint 
action of the deSitter group 

(V^^l, W2) = {AdgiWl), Adg{W2)), (4) 

with Adg(w) := gwg~^, forall w; in 50(7^5) and g in SO(7;5), and is accordingly 
an invariant on each orbit of the adjoint action of the Lorentz subgroup SO (77) 
on the deSitter Lie algebra 50(7/5). Since the deSitter algebra is semi-simple, 
the above metric is necessarily proportional to the Killing form. 



This bilinear form is defined by the evaluations 

{<Jab, Ocd) = "nacTlbd - VadVbc 
{Pa, Pb) = -j^Vab 
{aab,Pc) = 0. (5) 

This shows that the split ^ is in fact an orthogonal decomposition of the dcSit- 
ter algebra in the above bilinear form, i.e., V — W^ and that the isomorphism 
W ~ so (77) is an isometry with the isometry algebra equipped with its standart 
bilinear form, while the metrics on V^ and V are equivalent up to rescaling. 

Note that in the I — > 00 contraction, the above metric becomes degenerate 
when restricted to the translational part. This is due to the non-semi-simplicity 
of the Poincare (or Euclidean) algebra and this bilinear form can only be used 
in the finite radius I case. In the non-semi-simple limit, one has to work with 
a difi'erent bilinear form obtained by relaxing the full Poincare Ad-invariance 
requirement. In this case, exploiting the semi-direct product structure, one 
can obtain a perfectly well defined, non-degenerate, SO(77)-invariant, symmetric 
bilinear form (, ) on 150(77) defined by the evaluation 

(ui, U2) = (wi ®vi,W2®V2)^ --ir W1W2 + ri{vi,V2), (6) 

forall Ui — Wi (B Vi in the Poincare algebra 150(77) = 50(77) ® V,j. 

2.1.2 deSitter gauge theory formalism: action and symmetries 

Action. The dynamical fields of the first order formulation of gravity on a 
four-dimensional, oriented, differential manifold M are defined by the pair (e. A) 
where e is the soldering form on M and A is (the pull-back to M by local sec- 
tions of) a metric connection on the bundle of 77-orthonormal frames, that is, the 
principal bundle over M with structure group 80(77). The direct sum decom- 
position ll]) (together with the isomorphism ^) can be exploited to combine 
the CO- frame e and the metric connection A in a 50(775) Cartan connection 

A = A © e. (7) 

Computing the curvature of the Cartan connection yields a Lorentz and a 
pseudo-translational component 

Fa = {Fa - -e A e) © d^e, (8) 

where Fa — dA + ^[A,A] is the curvature of the connection A, and dA is the 
covariant derivative with respect to the connection A. 

Constructing a suitable gravitational Lagrangian out the above field strength 
requires an expression with no metric dependence. If one further requires to have 
a fully deSitter invariant quantity, the Lagrangian must also be quadratic in the 
field strength. Combining these two requirements leads to a unique possible 
Lagrangian which turns out to have trivial variations, i.e., corresponds to a 
topological theory. But gravity is not a gauge theory of the deSitter group, it is 
only invariant under local Lorentz transformations. It is precisely the breaking 



of the deSitter invariance down to Lorentz invariance that introduces the local 
degrees of freedom of gravity into the formalism. To achieve this symmetry 
breaking, we introduce the projection map (j) : W (BV ^ W associated to the 
orthogonal decomposition ([1]). The McDowell-Mansouri (MM) action [20] then 
follows 

5mm [A] = « / (*0[Fa] a 0[Fa]). (9) 

JM 

Here, the star * : n'^{V) -^ il'^{V) denotes the internal Hodge operator acting 
on the exterior algebra over V, i.e., *{X)ab — \eg^^'^Xcdj forall X in ri^iV). 
We are implicitly using the isomorphism ri^(F) ~ so(?7) between the space of 
two-forms over V ^ Vri and the isometry algebra. The coupling constant a is 
related to the Newton constant G by a = 3/(167rGA). 

It is immediate to see that the above action reduces to the Einstein-Cartan 
action with cosmological constant 

5GR[e, A] = ---^ / tr *e A e A (Fa - -e A e), (10) 

augmented with a topological term: 

S^,„[e,A] = -So^ + a tr*FA^FA. (11) 

JM 

The second term is the integral of the Euler class which has trivial variation 
because of the Bianchi identity (IaFa = 0. Thus, the de-Sitter gauge theory 
defined by the action ^ is classically equivalent to GR. 

Note that the zero cosmological constant limit of the Mac-Dowell-Mansouri 
action ^ is not GR with zero cosmological constant, but rather a topological 
field theory. To obtain GR from the Cartan perspective, one needs to con- 
tract the deSitter algebra to the Poincare algebra, change the bilinear form and 
start with a different Lagrangian; the relation of the gauge theory Lagrangians 
associated to different values of the cosmological constant is an open question. 

Symmetries. The theory is invariant under two sets of symmetries. First, it is 
invariant under the action of the (connected component of the) diffcomorphism 
group Diff(A/). li (j) : M ^r M is an diffcomorphism of A/, the action is invariant 
under the corresponding action on the gauge field 



-1* 



(12) 



where 0* is the associated pull-back map acting on forms. Note that this trans- 
formation acts on the space of fields, even if it is induced by an action on the 
manifold. Next, as remarked above, the theory is invariant under local Lorentz 
transformations: 

A^-dgg-^+gAg-\ (13) 

where ^ is a smooth map from M to the Lorentz subgroup SO (77) C SO (775) 
associated to the split ((T|). 



To introduce matter, we now follow the ideas recently developed in the BF 
theory context in three [T] and four dimensions [S], [S], [7j, [32]. The idea is 
to locally break the diffeomorphism and gauge symmetry of GR by fixing sub- 
manifolds of M and integrating against them suitable powers of the fields e and 
A, i.e., of the Cartan connection A, projected along preferred directions in the 
appropriate tensor power of 50(775). Then, one can promote the would-be gauge 
parameters to local degrees of freedom. 

2.2 Inclusion of defects 

2.2.1 Worldlines 

The simplest way of proceeding consists in introducing a fixed, non-dynamical, 
one-dimensional submanifold 7 C Af , defined by the fixed embedding x : M — > 
M; r 1-^ x{t), and a fixed constant element u* in the dual of the deSitter algebra 
50(775)*. We note u — w®v the element of the deSitter algebra associated to u* 
via the Killing form, i.e., u*(w) = (u,w) for any w in 50(775). Consider adding 
to the action © the following symmetry breaking functional of the gauge field 

S[A]^f{u,A). (14) 

The above term breaks the symmetry of the theory at the location of the curve 7; 
the diffeomorphism gauge symmetry is broken down to a symmetry under the 
diffcomorphisms keeping 7 fixed, and the Lorentz gauge symmetry is broken 
down to an invariance under the Lorentz subgroup leaving the fixed internal 
vector u invariant. Note that the above term is nevertheless invariant under 
reparametrisation of the curve 7. 

We now wish to restore the gauge invariance of the theory. We proceed 
by performing an inverse gauge transformation on the dynamical gauge field 
A, that is, an operation on the space of fields such that its composition with 
gauge transformation compensates to the identity. This operation will obvi- 
ously only affect the symmetry breaking term. Firstly, we perform an inverse 
diffeomorphism gauge transformation A 1— > (?!)*A, with gauge parameter (p. The 
gauge transformed symmetry breaking term S[(j)*A] now also depends on (the 
restriction X : 7 -^ Af to 7 of) the gauge parameter (p and becomes 

S[A;X] = f{u,X*A) 

= I (u,A), (15) 

Jxii) 

where, in a local coordinate patch, X*A — A^{X{T))drX^^{T)dT. By doing 
so, we have introduced a new variable in the theory; the pull back to 7 of the 
would-be gauge parameter. Now, X in Diff(7,M) is promoted to a dynamical 
variablo As such, we have to specify its transformation properties. It is 
required to transform trivially under local Lorentz transformation and as 

V(/) e Diff(Af ), X^ (t)oX, (16) 



^More precisely, it is the composition X o x : K — > Af of the diffeomorphisirL X with the 
fixed embedding x that we are interpreting as the dynamical worldline of the particle. 



under spacetinie difFeoniorphism. Then, the very difFeomorphism symmetry lost 
by the introduction of the fixed curve 7, that is, the invariance under diffeomor- 
phisms shifting the curve, is restored in the (partial) symmetry breaking term 
(|T5l) by rendering the gauge parameter X, or equivalently, the worldhne X{j), 
dynamical. 

We can now proceed in an analogous way to restore the Lorentz gauge 
invariance of the theory. We perform an inverse finite gauge transformation 
A ^—^ g^^d^g labelled by the parameter g in the (partial) symmetry breaking 
term (fTSJ). This procedure introduces a new field A : 7 ^ 80(77) in the the- 
ory, the restriction to 7 of the gauge parameter g. This field is promoted to a 
dynamical variable transforming trivially under spacetime diffeomorphisms and 
as 

V5GC°°(M,S0(77)), a ^50 a, (17) 

under Lorentz gauge transformations. Then, introducing the deSitter-valued 
one-form 

S1a = A-^A + A-^AA, (18) 

we are led to the dynamical, gauge invariant action [52]: 

^p„,..,.[A;X,A]= / (u,r!A). (19) 

Jxi-,) 

Exploiting the orthogonal decomposition ([1]), it is immediate to recast the above 
action in the form obtained in [^ by Balachandran and collaborators : 

^p„,..,.[e,^;X,A]= / {v,A-^e) + {w,A-'dAA) (20) 

Jx(j) 

where we have used the decomposition in reductive components of the deSitter 
one form fl^: 

Qa = A^^d^Ae A^^e, 

with, in the translational part, the matrix A acting on the algebra indices a, b. 
As we will see, for specific values of the elements w and v, the first term becomes 
the standart first order particle action while the second term is a Wess-Zumino 
term describing a pseudo-classical spin. 

2.2.2 Worldsheets 

Similarly, we can break the gauge invariance of GR along two-surfaces. A natu- 
ral object to integrate along a two-dimensional submanifold of M is the second 
exterior power of the Cartan connection A. This object takes value in the 
antisymmetric part of 50(775) (g) 50(7^5). 

The above tensor square admits a decomposition induced by the split ([T]) 
given by 

00(775) ® 50(775) = {W (g>W) ® {W (g>V) ® {V (g>W) ® {V (E) V). (21) 

This vector space can be endowed with a Lie algebra structure [13] , but for our 
purposes it will be sufficient to consider this space at the level of metric vector 
spaces. Note however that the antisymmetric part of 50 (775) (8)50(775) contains the 



vector space fl'^(V) = M.{Pa A Pb}a<b isomorphic to ri^(Kj) and to the Lorentz 
algebra 50(77). 

To endow the tensor square with a metric structure, we consider the bihnear 
form (, ) :— ^{,)^^ constructed from the tensor product of the bihnear form 
(, ) with itself. This non-degenerate, symmetric bilinear form on 50(775)®^ is 
invariant under the diagonal adjoint action of the deSitter group: 

([Adg (g, Adg](wi), [Adg ® Adg^wa)) = (wj, W2), (22) 

forall Wi in 50(775)®^, and g in 80(7/5). Accordingly, it is also an invariant on 
each orbit of the 80(77) subgroup action. 

The explicit evaluations of this bilinear form on the basis elements associated 
to the decomposition (|2ip read 

{aab ® CTe/, acd (^ a-gh) = -^{^ac^lbd - r]adr]bc)i'negVfh " VehVfg) 

{cTab '^ Pe, Ucd ® Pf) = -ZpiVacTlbd - 'nadr]bc)r]ef 

{Pa ® (Ted, Pb ® CTef) = -^VabiVceTldf - VcfVde) 

{Pa ® Pc, Pb <S> Pd) = ^VabVcd, (23) 

with vanishing of all other evaluations. Note that when restricted to fl^{V), 
this metric reduces to the standart bilinear form on 50(77), up to rescalling: 

{Pa A Pc, Pb A Pd) = J^iVabVcd - VadVbc)- 

Armed with this metric structure, we can now define the appropriate symmetry 
breaking term. 

We firstly introduce a fixed, non-dynamical, compact and closed two-surface 
S C M defined by the fixed embedding a; : M^ ^ A/; r ^^ x{t), with t = (tq), 
a = 0,1. We then fix a constant element w* in the antisymmetric part of 
50(775)* (8)50(775)*, associated to w in 50(775) (850(775) via the bilinear form (, ). In 
what follows, we will use the symbolic notation w = Ui (8 U2, with Uj = Wi (B Vi 
and antisymmetrised tensor product, to keep track of the decomposition of the 
element w according to the basis associated to (PT|) . 

Consider adding to the gravitational action ^ the following symmetry 
breaking functional of the gauge field: 

S[A]= /(w,AAA). (24) 

This term breaks the diffeomorphism symmetry down to the diffeomorphisms 
keeping the surface S fixed, and the Lorentz gauge invariance is broken down to 
an invariance under the Lorentz subgroup keeping the internal tensor w fixed 
under the diagonal adjoint action. Note that the symmetry breaking term is 
nevertheless invariant under reparametrisation of the worldsheet E. As for the 
particle, we can now restore the gauge invariance of the theory by performing 
an inverse gauge transformation on the gauge field A. 



10 



We start by an inverse diffeomorphism gauge transformation labelled by 0. 
The bulk action is invariant while the symmetry breaking term is shifted. Noting 
X : T, ^ M the restriction to S of (/), it becomes 

S[A;X] ^ /(w,X*(AAA)) 

(w,AAA) (25) 

X(S) 

where, in a local coordinate patch, 

X*[A A A] = A^(X(r))A,(X(T)) e"^ d^X^'ir) d^X^ir) cPt, 

with e the two dimensional totally antisymmetric tensor normalised by e*^^ — 1. 
Once that X is promoted to a dynamical variable, transforming as specified in 
(Uni), the above term becomes invariant under the action of Diff(Af). 

Next, we perform an inverse finite gauge transformation with gauge parame- 
ter g on the gauge field A. The procedure introduces a new field A : S ^ SO (77) 
in the theory, the restriction to S of the gauge parameter g. This variable is 
then promoted to a dynamical field, transforming as in (|17p , and the symmetry 
breaking term becomes a gauge invariant, dynamical action 



53,„„,[A;X,A] = / (w,r!AAf}A), (26) 

with the deSitter valued one-form JIa defined as for the particle. 

The introduction of the diffeomorphism X in Diff(I], M) has rendered the 
embedding of the string S dynamical, thus restoring full diffeomorphism invari- 
ance, and the introduction of the group valued map A : S — > 80(77) has made 
the theory fully Lorentz gauge invariant. Hence, the final action (|26p is invariant 
under spacetime diffeomorphisms, local Lorentz transformations and also under 
worldsheet diffeomorphisms. 

It is important to stress that both the particle (fT9|) and string ([26]) actions 
can be defined in the zero cosmological constant limit, by contracting the de- 
Sitter algebra to the Poincare algebra, and respectively replacing the bilinear 
forms (, ) and (, )®, by (, ) and (, )®^, with the Poincare bilinear form (, ) defined 
in ©. 

Using the decomposition (|21|) to make the dependence on the co-frame e and 
the Lorentz connection A more transparent, one can see that the above action 
contains all gauge invariant, two- form combinationf|j of e and A 

S',t„„g[e,A;X,A] = / {vi® V2, k^^e MV^^e) 

JX(S) 

+2 / {vi (g) W2, A^^e A A^^aA) 
Jx{T,) 

+ (wi«)ui2, A^^aAaA^M^A). (27) 

Jx(i:) 

As we are about to see, the above actions describes a general spinning string on 
a non-trivial background spacetime. 



'Up to multiplication by the internal Hodge operator. 
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In the form given above (|27p . the first term appears to be the generahsa- 
tion to curved spacetimes of the type of formulation of string theory considered 
by Balachandran and coUaborators in 16J. For specific choices of the element 
fi '8'U2, this term describes a Nambu-Goto, null or tachionic string. The gener- 
alisation obtained by adding the second and third terms were considered in the 
flat case by Stern et al. [TH], [H] and describe spinning contributions for the 
string. 

We now study the precise point of contact between the symmetry breaking 
procedure followed here and this particular formulation of matter. This will help 
clarify the physical interpretation of the framework, since it is not immediate 
to grasp the physical picture underlying this description of matter. Indeed, the 
theories of gravitating particles or strings considered above are described by 
the diffeomorphism and Lorentz gauge parameters of gravity pulled-back to the 
worldline or worldsheet, that is, a pair of smooth fields (^, A) having support 
on the worldline or worldsheet and taking value in the spacetime manifold M 
and the isometry group 80(77) respectively. How do these variables relate to 
standart notions such as position, momentum, spin? While the variable X can 
easily be interpreted as describing the embedding of the particle or the string, 
the role played by the group element A is at this level quite obscure. In fact, 
we are about to see that this group variable encodes the momentum and spin 
of the matter excitation. 



3 Physical interpretation 

We now study the physical picture emerging from the types of matter theories 
considered above. We proceed in two steps. First, we discuss a limiting case 
of the above framework to establish a point of contact with the description of 
matter in terms of pseudo-classical variables, or Poincare group coordinates in 
flat space [S], [IHI- Then, we study some examples showing how the formal- 
ism relates to the standart formulation of particles and strings on arbitrary 
backgrounds. 

3.1 Flat limit 

In this section, we temporarily forget about the gravitational action and focus 
only on the matter sector of the theory. To pinpoint the relation to the Poincare 
or pseudo-classical description of matter, we will work in the zero cosmological 
constant limit of the above framework. In this limiting procedure, we have 
seen that the deSitter algebra 50(775) contracts to the non-semi-simple Poincare 
Lie algebra iBo{rj), and that the bilinear form (, ) used to define the actions 
degenerates. Hence, we have to work with the bilinear form on the Poincare 
algebra (, ) defined in ^ which is only invariant under the Lorentz subgroup. 
So, the algebraic framework remains well defineqfl in the zero cosmological case. 
The easiest way of understanding how the algebraic variables {X, A) relate 
to ordinary notions such as position, momentum and spin is to fix a particular 



^In fact, since the constant element u used to define the particle action lives in the dual 
of the Lie algebra, there is no need for any metric structure on the Lie algebra to define the 
action for a free particle in flat space. The free particle action can be entirely defined by using 
the dual pairing map. It is only the coupling to gravity which selects a particular bilinear 
form. This statement also holds for the string. 
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background geometry described by the Cartan connection A. The simplest 
possible background is flat Minkowski spacetinie which is obtained from the 
deSitter vacuum solution of the theory in the zero cosmological constant, i.e., 
infinite radius limit. We can now study the physics of the type of theories 
obtained above by evaluating the particle P^ . and string (pS)) actions on a 
such solution. 

Flat Minkowski spacetime corresponds to the connection 

An,t = A © e, with A = and e = 5'^dx'' « Pa, (28) 

with the spacetime manifold M identified with the internal space K,. 

When evaluating the matter actions p9|) . ((26|) on the above background in 
the zero cosmological limit, both the particle and string actions share a com- 
mon building block; the Poincare valued one-form r2x*A evaluated on the flat 
connection pulled-back to the worldline or worldsheet 

f]^. Afl.^ := n{X, A) = A-^dA ® A-^dX, (29) 

with X and A respectively describing the embedding of the particle or the 
string in flat space V^ and in the isometry subgroup SO (77). But if X and A 
are regarded as coordinates on the Poincare group manifold, this object can be 
related to a well known quantity: f2 is equal to the left-invariant Maurer-Cartan 
form 8 on the Poincare algebraic). This is precisely the point of contact with the 
Poincare or pseudo-classical description of matter, where the degrees of freedom 
of particles and strings are naturally parametrised by elements of the Poincare 
group, or more precisely by a flat, pure gauge Poincare connection pulled-back 
to the worldline or worldsheet. 

The fact that the degrees of freedom of massive, spinning matter in flat space 
are not entirely captured by its position in space is an old idea going back, as 
far as we can see, to Finkelstein [17]. In this approach, the configuration space 
for a point particle or a string, or more generally a p-brane, is the connected 
component of the Poincare manifold ISO{ri). Hence, a p-brane is described by 
the embedding of it's worldsheet U : M.p+^ -^ ISO{r]); r ^ (X(t), A(t)), in 
the Poincare manifold. The translational part X describes the position, while 
the Lorentz part A encodes the spin and the momentum. Now, when trying 
to construct an appropriate globally (left) Poincare invariant and reparametri- 
sation invariant Lagrangian for such degrees of freedom, a natural candidate 
appears to be the Maurer-Cartan form Q on the Poincare algebra because of its 
natural (left) Poincare invariance. Considering the integral of the pull-back of 
the p + 1 exterior power of this one-form to the worldsheet of the p-brane will 
naturally lead to a reparametrisation invariant and globally Poincare invariant 
action. This is the point of contact between our formulation and the Poincare 
description of matter. 



^The Poincare Maurer-Cartan form © can be calculated by using the five by five matrix 

AX 



representation of the Poincare group U(A, X) = ( ^ 1 1 1 with A in SO{»?) and X in 
T^ ~ Vr]. The computation yields: 

e = U-UU = i(A-^dA)"V„5 + (A-'^dxyPa. 
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To understand how this formahsm indeed leads to the correct dynamics for 
particles and strings, we now compute the currents associated the actions ()19p . 
(PS|) evaluated on a flat background. 

3.1.1 Particle 

In the A — > limit, the evaluation of the particle action ([TO)) on the flat so- 
lution leads to the following globally Poincare invariant and reparametrisation 
independent action 

5,..,i.,jX,A]= /"(u, r!), (30) 

where 7 is a curve in 180(77), vl — w^v, and Vl — K~^ dK® ^~^ dX are elements 
of 150(77) — 5o(?7)©K), and (, ) is the non-degenerate, SO(77)-invariant symmetric 
bilinear form on 150(77) defined by ^. 

When the Poincare algebra element u is chosen conveniently, this action de- 
scribes the dynamics of a massive, spinning point particle. In fact, the above 
general action can describe many physical or unphysical particle dynamics de- 
pending on the value of u, or more precisely, on the Lorentz subgroup adjoint 
orbitlfl in which this element lies. By this we mean that different values of u 
living on the same Lorentz adjoint orbit will correspond to the same physical 
theory, because of the invariance of the bilinear form. To understand these last 
points, we compute the currents associated to the theory defined by the action 

As a preliminary step, we remark that, using the identity 
A-^dA^ AdA-i(dAA-i), 
the action ([50]) can be reexpressed as 

5p„,..,jX,A]= /(J, c^), (31) 

with 

Lo = dAA~^ © dX and J = AdA(u) = AdA(w) © Av, 

by using the invariance of the bilinear form. 

We are now ready to study the variational problem. Varying the embedding 
X of the world-line in coordinate space yields 

'^S'p.rtiei,, = / (J, 6lj) 



7 



(J, © dSX) 



1 



-fd{J,Pa)6X\ (32) 



'7 

®More precisely, the physical content of the particle theory is determined by the Lorentz 
subgroup co-adjoint orbit in which the element u* G «so(?j)* lies. However, since we are work- 
ing with a bilinear form which is invariant under the adjoint action of the Lorentz subgroup, 
adjoint and coadjoint orbits under the Lorentz subgroup are naturally identified. 
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where we have used the commutativity of the variation with the exterior differ- 
ential dS = dd in the second Une, and an integration by parts in the last step. 
Setting 

Pa = -(J, Pa). (33) 

the projection of the Poincare algebra element J on the translational component, 
the associated motion immediately implies a first conservation law 

55p„«oic = => dp = 0, (34) 

that we naturally identify with momentum conservation. 

Under an infinitesimal variation of the form SA = e o A, with e an arbitrary 
element in 50(77) 1 the Lorentz and translational component of the Maurer-Cartan 
form n respectively transform as 

d{A-^dA) ^ AdA-i(de) 
S{A-^dX) = -A-^edX, 



and the action (|30p varies consequently 

(^^p.rt.^e = {3,de(B-edX) 

J ~i 



/"(J,de)+dX"(J,Pb)e'' 
J ~i 



= -\j[d{:i,aab) + [dX(i<>p-p®dXU]t''\ (35) 

Here, we have used the Lorentz invariance of the bilinear form in the first step, 
and an integration by parts when going from the second to the third line. 
Setting 

Sq6 = (J,crah), (36) 

and noting dX A p the element [dX ® p — p ® dX] of VP{V,-j), the associated 
motion follows 

ds + dX Ap = d(X ^p + s)=Q, (37) 

with the use of the first conservation law obtained above. Hence, 

M = X ^p + s, 

defines the second invariant of the particle which is therefore naturally identified 
with the total angular momentum, that is, the sum of the orbital and spin 
angular momenta. Hence, the variable s carries the interpretation of the spin 
of the particle. 

To be able to conclude that the action 150]) describes the correct dynamics 
of a physical particle, we need to ensure that the variables p and s satisfy the 
appropriate requirements on momentum and spin. This is achieved by making 
the appropriate choice of the orbit in which the constant Poincare element u 
lies. Indeed, a particle with positive mass m, timelike momentum and spin A 
corresponds to the following choice, up to Lorentz conjugation 

u = Acri2 ®-toPo, (38) 
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with obvious generalisation to the massless and tachionic cases. Rotating this 
element through the 80(77) action gives rise to the momentum and spin of the 
particle: 

p = m APq e Vri 

s = AAdA(ai2) e so{rj). (39) 

It is then immediate to show the p and s indeed satisfy, by construction, the 
physical requirements on the momentum and spin of a massive, spinning particle 
with timelike momentum 

a 2 2 ^ n 

PaP = am, _po > 

PaS'^' = 
isabS'^" - A2. (40) 
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3.1.2 String 



The flat limit of the string action (I26p yields the following globally Poincare, 
and worldsheet reparametrisation invariant action 

5.,,„JX,A]== /(w,f]Ar!), (41) 

where S is now a surface embedded in ISO{ri), (, ) :— i(, )®^, and w and il^'^ 
are elements of 150(77) (^ 150(77). 

As for the particle, the value of the Lorentz adjoint orbit in which the con- 
stant element w lies determines the physical content that the theory describes. 
To clarify this point, we determine the currents associated to the above action 
which will give rise to the momentum and spin of the string. These currents 
were computed in [TB]. 

As we did above, we first derive a simplifying identity stating that the the 
string action ([1T|) can be reexpressed as 

5.,„„,[X,A]= [{K,ujAu;), (42) 

with 

U! = dAA~^ e dX, and K = [AdA AdA](v^f). 

We are now ready to study the variational problem. 

To this aim, we start by calculating the variation of the action with respect 
to variations of the embedding X of the string 

<^5.,H„, = 2/(K,wAM (43) 

= 2 / {K,ujA{0(BSdX)) 

= 2 / d(K,cj®P„) 5X°-. 



Setting 



7'a = -(K,C^®Pa), (44) 
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we have thus obtained the first invariant associated to the string by extremising 
the above variation 

SS,,,,„^ = => dP = 0, (45) 

with the y^-valued one-form T' on E consequently interpreted as the momentum 
density of the string. 

Next, we compute the variation of the action under infinitesimal Lorentz 
variation of the form i^A = eo A, with e G so(?7). Using the transformation prop- 
erties established for the particle, it is straight-forward to obtain the variation 
of the action (HT]) 



SS,,,,^, = 2 / (w, r! A Sn) (46) 

= 2 /" {K,u}A{de®-£dX)) 

JT. 

Defining the so(77)-valued one- form on E 

5afc = (K,W(g)Cr„6), (47) 

we obtain, extremising the above variation, the motion 

dS + dX AV ^ d{X hV + S) ^ Q, (48) 

where the wedge product acts simultaneously on the cotangent bundle to the 
surface and on internal, or target space. This relation expresses the conservation 
of the total angular momentum of the string 

M^X AV + S, 

with the spin component given by S. 

Accordingly, the action (J4T|) describes the dynamics of a spinning string 
with momentum density V and spin S, and the full action (j26p describes the 
interaction of a spinning string with gravity. 

The situation is however not as clear as for the particle since the (squared) 
Poincare algebra element w is left unspecified, by lack of knowledge of the 
properties to be satisfied by strings admitting spin. We can nevertheless write 
down the value of w corresponding to the spinlcss, Nambu-Goto string. This 
theory corresponds to the choice [16j : 

%P3APo e n'{V^)^i50{ii)'^\ (49) 



2'Ka 

where T = (l/27ra') is the string tension, a' being the Regge slope. With such 
a value of w, computing the momentum and spin one- forms leads to 

Va = T^[MA{P:,APo)UdX^ and 5^6-0, (50) 

as expected for the Nambu-Goto string. We will see in the next section how 
this theory is related to the Nambu string in further detail. 
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Having studied the flat space limit and clarified the interpretation of the 
variables {X, A) extracted from the gauge symmetries of gravity, we now switch 
back on the gravitational interaction with positive cosmological constant. The 
geometry is now fluctuating, no longer constrained to the flat solution, and 
switching on the cosmological constant has transformed the Poincare algebra 
into the deSitter algebra. In this general case, we discuss the simplest possible 
examples with non-trivial background geometry. 

3.2 The spinless case 

The simplest examples of the types of theories considered here are the spinless 
particle and the Nambu-Goto string. We show how the corresponding actions 
relate to more standart formulations of particles and strings on arbitrary back- 
ground geometries. We simply generalise to the MacDowell-Mansouri framework 
the flat space calculations done in [16] . 

3.2.1 Spinless particle 

A spinless particle coupled to MM gravity is described by an element u = ® ?; 
in V^ C 50(775). In this case, the action (I19|) reduces to 

5'p„tici.[e;A:,A] = /"dT£[e;A:,A], with /:[e; X, A] = (J, e^}, (51) 

where er := e°;^PadrX^ is the image in V of the (timelike) tangent vector to the 
curve, and J = AdA(u) — —Pp coincides with the momentum p of the particle, 
rescalled with the cosmological length to give the action the correct dimension. 
The adjoint orbit of the Lorcntz subgroup in which u, or equivalently J, lies 
is labelled by the invariant 

C=(J,J), 

and determines what kind of spinless particle the theory describes, i.e, wether 
the particle is massive, massless or tachyonic. A massive particle with mass m 
and timelike momentum corresponds to the orbit labelled by 

C = a^fm^. (52) 

The constant element u := u(m, 0) = ttiPPq is then a chosen representative of 
the associated conjugacy class and characterises the theory. 

Now let us show how this choice indeed leads to the correct action of a 
massive particle. Varying A as we did in the flat case leads to S3 = [e, J], and 
the associated variation follows 

SC = {[e,J],er) 

= (e,[J,e,]), (53) 

where we have used the full deSitter invariance of the bilinear form. The corre- 
sponding motion yields 

--JAe^ = 0, 

with the wedge product acting on internal space. This equation states that J, 
or equivalently the momentum p, and e^- are parallel (in internal space). 
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Thus, there exists an field a such that J — ae-r. We can solve for a by 
exploiting the mass shell constraint 

(J, J) =a^{er,er) ^a'^Pm'^. 

Hence, one is led to the following values of J: 

ml 
J—aer, with a = ± =. (54) 

To solve the sign ambiguity, one has to supplement the particle action with the 
sign constraint a^C > on the Lagrangian, ensuring that if the worldline is 
future pointing, the particle will have positive energy. 

Then, the positive solution is selected, and reinserting J into the original 
action ((5T|) leads to the standart action for a massive spinless particle 

Sp^rtidAe;X] = cr^mi[7,e] = ct^to / dr^ a'^Tq{er,er), (55) 

that is, the length i[7,e] of the worldline 7, measured in the geometry deter- 
mined by the co-frame e, weighted by the mass m of the particle. 

3.2.2 Nambu-Goto string 

Similarly, we can obtain the Nambu-Goto string through an appropriate adjoint 
orbit choice. A spinless string is described by an element w = wi ® W2 whose 
antisymmetric part lies in Vt^{V), with il^(l/) included in 50(775) ® so{rjc,) as a 
vector subspace. 

Choosing a local basis {9/9t"}q,=o,i of the tangent space TpS, with p in S, 
the corresponding action yields 

5,,„„Je,X, A] = / dPrC, with C = {K,B}, (56) 

where 

B := e^elPa A Pb S^^ S'^'^ = e°'l^dc,X''dfiX\ 

is the image in inertial space of the bivector E'^'' associated to the surface E, 
and K = [AdA ® AdA] (w) . The bivector E'^" is assumed to be constructed from 
a timelike and a spacelike vector. As for the particle, we supplement the string 
Lagrangian with the strict positivity constraint a^ C > 0. 

The type of string theory defined by the action (|56p depends on the Lorentz 
subgroup orbit in the space of (internal) bivectors fl'^{V) in which K, or equiva- 
lently w lies. As already remarked, the space il'^{V), being a real six dimensional 
vector space, is naturally identified with the isometry algebra 50(77) and carries 
the adjoint representation. Furthermore, the bilinear form (, ) on 50(775) 050(775) 
reduces on rt^{V) to the isometry algebra Killing form, up to rescalling, and can 
thus be used to characterise the orbit space of the adjoint action of the isometry 
subgroup SO (7/) on ri^(V^). The orbit in which K lies is labelled by the two 
invariants 

Ci = (K,K), and C2 = (*K,K), 

related to the quadratic and pseudo-scalar Casimirs of the isometry algebra 
50(77). A choice of orbit specifies if the string is the Nambu-Goto, tachyonic or 



19 



null string [16 . As anticipated above, the orbit corresponding to the standart 
Nanibu-Goto string is the following 

Ci=c72(-i-^)2, and C2=0. (57) 

The constant element w = (?'*/27ra') P3 A Pq is then a chosen representative of 
the associated conjugacy class and thus determines the theory. 

To show that the above choice of w leads to the Nambu-Goto action, we 
proceed to the variation of the action ^EE\i with respect to the field A as we did 
for the particle. A general variation of A leads to the variation SH = [e, K] of 
K, and the associated motion follows 

[K,B]=0 ^ KeC{B). 

If K is regarded as an element of 5o{ri), solving this equation for K is equivalent 
to finding the centraliser C{B) of B in 50(77). Using the fact that [A, *A] = 
*[A, X] = forall X in 50(77), one can show that C{B) is of dimensions two 
(this is a reflection of the rank of the isometry algebra) and generated by B and 
*B as a real vector space. Hence, K is necessarily of the form 

K = /3S + 7*B. (58) 

This condition is the analogue of the parallelism of the momentum and (image 
in internal space of the) velocity vectors obtained earlier for the point particle. 
Since the B field is simple, that is, of the form e A e, it automatically satisfies 
{*B, B) ~ 0. Hence, from the condition ((F7|) on the invariants, one is led to 

{P^ + a^^^){B,B)=a\^)\ and 2a^M{B,B)=G, 

where we have used *^ = cr^, and {*B,*B) = a^{B,B). The first equation 
tells us that {B, B) is different from zero. Thus, from the second we obtain 
that either /3 or 7 is zero. If /? = 0, plugging the value of K into the action 
yields a vanishing action by simplicity of the B field, which contradicts the strict 
positivity requirement on the Lagrangian. Thus, 7 = and we are left with 

/2 1 

K = /3S, with/3 = ±- , (59) 

The sign constraint on the Lagrangian implies that only the positive solution is 
admissible. Then, inserting the obtained value of K in the action leads to the 
Nambu-Goto action for string theory on a curved background 

^...„Je,A]=a2^A[S,e], (60) 

where 



j2 ' cr- 



A[j:,e]^J d'r^-^trB^, (61) 

is the area of the surface E measured with respect to the background geometry 
determined by the tetrad e. This is because the trace of B^ is related to the 
metric induced on the surface by 

1 9 
— trB^ = detX*g, 
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with g = ri{e ® e) the metric on M . 

To close this discussion on the physical interpretation of the formalism, we 
summarise the main lessons. The actions (fT^ . ([2^1) describe the coupling of 
general particles and strings to gravity. The matter variables X and A, extracted 
from the symmetries of the gravitational interaction, respectively encode the 
embedding and the momentum and spin of the particle or string. The value 
of the latter physical quantities is dictated by the classifier elements u or w. 
For appropriate values, the theory describes massive particles with spin or the 
Nambu-Goto string augmented with spinning contributions. 

Finally, it is important to stress that the above derivation linking the spin- 
less framework to more conventional formulations of particles and strings is not 
tied to the presence of a cosmological constant and to the Mac-Dowell-Mansouri 
formulation. In the zero cosmological constant case, one simply needs to replace 
the bilinear forms in the calculations presented above with their Poincare ana- 
logues, which will only involve the metric on the vector representation and the 
trace on the Lorentz algebra in the particle and string case respectively. The 
results obtained will be the same than the ones obtained in the deSitter case by 
setting / = 1 in the choice of the orbits and in the calculations that follow. 

4 Variational problem of the coupled system 

We are now ready to study the motions of the full theory defined by the GR 
action ^ augmented with, firstly, the particle action p^ and secondly the 
string action (127p . We start by considering the matter sector before computing 
the variations of the gravitational variables. 

4.1 Matter motion 

Based on the flat space experience, we now firstly compute the variations of the 
action (|19p describing a particle coupled to gravity. Then, we will consider the 
variations of the string action ((2^ . 

4.1.1 Particle 

Under an infinitesimal variation of the Lorentz group variable 6A, the gauged 
Maurer-Cartan form Q^ transforms as SQjs^ = Adj^-i{dA^e), and the variation 
of the action p^ consequently yields 

(J,dAe) 



^y'(VJ,a„6)e"^ (62) 



2. '7 



where V = dx*A is the covariant derivative of the deSitter connection pulled 
back to the worldline, and we have used the full deSitter invariance of the 
bilinear form in the last step. 
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Using the results on the flat space analysis and the spinless example, we 
know that the deSitter element J is the sum of the momentum and spin of the 
particle: 

J = s ® -Pp. (63) 

We will need to compute the covariant derivative of this current. For clarity 
purposes, we write the corresponding expression, and many of the following, in 
local, component language: 

'1 



VJ = 

where 



{Drsf'^ + 2e[?/l aab - [l^iDrPT + s'^'erb] Pa dT, 



i:»^s«'' = a^s°f'+[A^,s]''^ and Drp'' = drp'' + A^f,pK 

We have introduced the notation X*ri :— rirdr, with rjr ~ rj^drX^^ forall one- 
form 1] on M . 

It is now immediate to obtain the first set of equations of motion of a massive 
spinning particle coupled to gravity 

<^5p„,..,. = ^ 2e[.>''l+Z?,s"'' = 0, (64) 

known as the spin precession equation. 

Note that this equation is simply the curved space generalisation of the flat 
space conservation of total angular momentum obtained earlier, in the the zero 
cosmological constant case. 

Next, we consider variations of the embedding X of the worldline 7, that is, 
the variation under an infinitesimal diffeomorphism bending the curve 7. As in 
the flat case, it is convenient to define the conjugate variable wa — ^'^k{^a)- 
The variation of the one- form ujx*a under an infinitesimal variation of X yields 

Siox'A = 5{X*A) = X*CsxA, 

with Csx = isxd + disx the Lie derivative along the vector field SX , with i here 
denoting the interior product on Q{M). Hence, 

<55p„,..,. = f{J,X*CsxA) (65) 

= f {J, X*[d Aitsx (A)) +ISX (Fa)]) 

= f -{\7J,15x{A)) + {J,X*isx{Fa)), 

where we have used the equivalence between infinitesimal gauge transformations, 
with field dependent parameter a = isx (A) , and infinitesimal diffeomorphisms 
up to the curvature of the connection 

CsxA^ dAa + i6x{FA), (66) 

in the third line. Using the equations on spin precession, the above equation of 
motion can be reduced to the Mathison-Papapetrou equations [53] with torsion 

DrP" e^, + {^s''^F^,ab-p''T^.a)drX'' = 0, (67) 

where T — dAe is the torsion two-form, and F = Fa is the curvature of the 
Lorentz connection. See [25], [S], [22] for details. 
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4.1.2 String 

As for the particle, we start by studying variations of the action under infinites- 
imal variations of the group variable A. The variation of the action ([26|) yields 



SS^,,,„, - 2 / (w, r!A A (50a) (68) 

Jx(T,) 

= 2 / {K,ujA/\dAe) 

JX{T,) 

= / [c^(K,WA«'C^ab) + (K,t^AA[A,f7a6])]e"^ 

JxiT.) 



where to a. — c^aA A ^. 

We define the following pair of one-forms on S 

S^ab = (K,cjx- A® o-Qb), and Pa = -{'i^-.ujx'A® Pa), (69) 

respectively interpreted as the curved spacetimeu value of the spin and momen- 
tum of the string. We will use the local expression of their covariant derivative 
in the Lorentz connection A 

Do^Sf = d^Sf + K, S0r\ and i?„P| = d^P^p + A^ ,P^, 

where we have introduced the notation X*ri = rjadr"' , with rja = rj^daX'^, forall 
one-form rj on Af . 

Now, extremising the variation derived above (j68p . we obtain a spin pre- 
cession equation for the string. Written in local coordinates, the motion is the 
following 



€ 



2e^:p'^+D^Sf =0. (70) 



Finally, we study the motion obtained by varying the embedding of the string. 
Using the identities derived for the particle, it is immediate to compute the 
variation of the pull-back to the surface of the two- form ti;^^,and the variation 
of the action follows 



<55.,„„, = {K,SiX*iLOA/\LOA))) (71) 

= 2 f {K,X*iuAAC5xA)) 

= [ [d{K,UJx*A^<JAB) + {K,X*{ojA/\[A,<JABmtsx{A^'') 

+ 2 I {K,X*iuAAisx{FA))), 

where we have used the relation (|66p between the Lie derivative and the space- 
time curvature, together with a partial integration in the last step. 



'^Note that, unlike the particle, the moinentuin and spin of the string depend on derivatives 
of the variables X and A. Thus, through a minimal coupling procedure, these variables depend 
on the gravitational field and their flat values are thus modified on curved backgrounds. The 
other way round, evaluated on the fiat solution, the curved momentum and spin P and S 
yield their fiat values "P and S. 
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Written locally, the motion associated to the above variation yields 



dVe"''(5X'^ 



D^Sf + 2e^:P^^)A^ab 



'2DaPpe^a + j^S^ {e^,a(ivb- e^ibeva)di3X'' 



^a \-^ ^i' ab j2\^^^^'^^ ^^b^ua)) ^-^ a M^^ a ] ^13^ 



Using the spin precession equation, we are naturally led to a Mathison-Papapetrou 
equation with torsion for the string 



np 



DaPp e^a — (x'S'q, Ffj^uab ~ P a'^iiv a)d(iX'' 



= 0. 



(72) 



Note that in the flat limit, this equations simply reduces to the conservation of 
the momentum density V. 



4.2 Gravitational field equations 

To finish the study of the classical aspects of the theories introduced in this 
paper, we now calculate the gravitational motion defining the equations deter- 
mining the gravitational field created by point and string sources. 
The variation of the gravitational sector yields 



(55^ 



2a / {*(|)[FA\^54>[Fx]) 

J M 

2a / {*{Fa - -e a e) a {cLaSA - — -e A 5e)) 

(*(e A rf^e) A SA) + {*{Fa - — e A e) A e A Se). 



(73) 
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We have used an integration by parts together with the following expression for 
the covariant derivative of the Lorentzian part of the deSitter curvature: 

dA{FA - — e A e) = cLaFa ~ ^(dyie A e - e A d^e) = — e A d^e. 

Next, we introduce the matter sources described by the particle and string 
action. 

We start by considering the back-reaction of a particle on the gravitational 
field which is described by the McDowell-Mansouri action ^ augmented with 
the particle term (J19p . It is more convenient to work with the action written in 
terms of the dual variable cja, the variation of which we now compute. 



= [ {J,SA®Se) 

Jxi-y) 

= / —-trs6A~ri{p,6e). 
JxM 2 



(74) 
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It is now immediate to write the corresponding back-reaction on the spacetime 
geometry 



e^'""'eabcdetT^, = -SttG SatdXf^ Six - X{t)) (75) 

o A r 

'eabcdel{F^p^-—e^^e'!}) = -l&irG j PadX^^ 5{x - X{t)), 

where each field on the left hand side is evaluated at the point x G M . These 
equations, if solvable, characterise the gravitational field produced by a particle 
of momentum p and spin s. However, to our knowledge, there are no known 
solutions to these equations. 

On the other hand, we can proceed in analogous way to calculate the effect 
of strings on the spacetime geometry. Varying the string action (|26p , we obtain 

<^5.,„„, = 2/ {K,oJA^5uJA) (76) 



2 / (K,cjAA(<5A®,5e)) 

Jx{T,) 

2 / ^]-tIS^5A-J^{P ^5e), 
JxiT.) 2 



IX{T.) 

with the wedge product acting on the co-tangent bundle to the surface. Thus, we 
can calculate the gravitational field produced by a string of momentum density 
V and spin S. It is defined by the Einstein equations 

e^^^'eafccd el T^ = -IBttG / Sab A dX^ 5{x - X{t)) (77) 

e>'^P"eabcdel{Ff^-—e^^e'')) = -32nG J Pa AdX^ 6{x ~ Xir)). 

Unlike the point particle, it is possible to find explicit solutions to the above 
equations, at least in the zero cosmological constant limit and for some specific 
values of the deSitter element w. These solutions are called cosmic strings. 

A cosmic string is the lift to 3 -I- 1 dimensions of the point particle solution 
in 2 + 1 gravity. It corresponds to a spacetime around an infinitely thin and 
long straight string (see for instance [2|J and references therein). In an earlier 
paper [6J, we showed that in the spinless and zero cosmological constant case, an 
action leading to the motion solved by the cosmic string could be written. This 
action is precisely of the form of the spinless action ([SH]) derived as a particular 
case of the general framework developed here, but in the BF gravity context 
(see next section). We will not reiterate the analysis and refer the interested 
reader to reference |5] where the statement is shown in detail. What is new is 
the link with the Nambu-Goto string. There is a free parameter, the mass per 
unit length fi of the string, entering the equations describing the gravitational 
field around a cosmic string. To obtain a match with the equations obtained 
above, the classifier element w must be tuned appropriately. It is interesting to 
remark that the cosmic string solution tunes w to be proportional to 11P3 A Pq, 
which is precisely the value describing the Nambu-Goto string, if we identify the 
mass per unit length with the tension of the string. This shows a link between 
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the Nanibu-Goto string and cosmic string solutions of general relativity. One 
would need to see if these results extend to the spinning, non-zero cosmological 
constant case. We leave these investigations for further work. 

To conclude the core of the paper, we explain how to relate the framework 
developed here to pioneering approaches describing the coupling of strings to 
BF-like theories. This leads us to discuss the perspectives offered by such a 
formalism. 

5 Strings in BF-type theories - Perspectives 

Gauge defects along two-surfaces were firstly considered [1], [S] in the context 
of BF theory, a topological field theory of Schwartz type. The idea was to 
exploit the two-form nature of one of the fundamental fields of the theory to 
introduce matter excitations along surfaces. Allthough interesting, the obtained 
models clearly lacked a physical interpretation; the matter sources were string- 
like but did not seem to be related to any known formulation of string theory. 
An important conceptual progress was achieved in [6^ , but the link with string 
theory structures was still not understood. One of the original motivations for 
this work was to explore if such a correlation existed. 

So, what does the framework presented in this paper teach us about string- 
like sources coupled to BF theory as described in [1], [5], [S], [7]? Well, retro- 
spectively, it now appears clearly that such surface defects are related to the 
Nambu-Goto string once that some constraints are implemented in BF theory. 
These constraints introduce local degrees of freedom in the theory and transform 
BF theory into general relativity. 

BF theory is a topological field theory of Schwartz type whose fundamental 
fields in four dimensions are a two- form B valued in the Lie algebra g of a chosen 
semi-simple Lie group G and a G-connection A. In the vanishing cosmological 
constant case, the action is 

S^^[B,A]^- f BAFa, (78) 

where the algebra indices are paired with an Ad-invariant bilinear form on g, and 
K £ R is a coupling constant. Extended matter can be naturally coupled to BF 
theory by considering gauge defects along surfaces of the form J.^ tr vB, where v 
is a fixed vector in g, before performing an inverse gauge transformation on the B 
field. This leads to the action considered in [S], [S], [?]■ Now the resulting theory 
can not be interpreted as a string theory because of its topological character. 
But there is a way of introducing local degrees of freedom in BF theory. Then, 
BF theory becomes gravity and the string source becomes the Nambu-Goto 
string. Let us discuss this point in further details. 

By comparing the Einstein-Cartan action (jlOp with vanishing cosmological 
constant to the above BF action with structure group G = SO (77) and bilinear 
form —3^''' ^^ ^^ easy to see that the two actions simply match provided the 
K — 8ttG and the following identification holds 

B = *e A e. 

The remarkable fact, discovered by Plebanski "J^, is that this constraint can 
be imposed in the BF theory action. Let us simply pinpoint the result (see 
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for instance [3S] for details). The idea is to add to the BF action a quadratic 
term C[i!,B] in the B field with internal indices contracted with a Lagrange 
multiplier zero-form 'i' satisfying appropriate symmetry requirement^ Varying 
the Lagrange multiplier ^ in the action 

^Picb^MiS, A, *] = -^^BF + C[*, B], (79) 

ottG- 

forces B to be simple, i.e., in one of the four sectors 

B = ±eAe (/±), or B = ±*eAe (//±). 

The first set of B field configurations corresponds to a topological sector, while 
the second set indeed describes gravity. So, first order general relativity corre- 
sponds to one of the sectors of the theory derived from the action (j79p . 

Now, using the methods presented in section 3.2.2, one can show that an 
action of the form 



S[B-X,A] = --^ [ trAdAHB, 

47ra' Jx(S) 



with w — (730, and A; = ±1 (resp. k = ±cr^) when the B field is in the I± sector 
(resp. in the II± sector), reproduces the Nambu-Goto action when varying A 
and reintroducing the solution of the motion back in the action. Hence, plugging 
any sector of B field solutions to the Plebanski constraints in the above action 
provides a first order formulation of the Nambu-Goto string. 

Accordingly, the action obtained by adding the above source term to the 
Plebanski action 

S[B,A,^;X,A] = --1- f tTBAFA+C[-i',B] (80) 

IottG Jm 

k f 

- 1 7 / trAdA(w)S, 

47ra' Jx(s) 

with appropriate choice of the constant k, describes the Nambu-Goto string cou- 
pled either to 4D gravity, or to a topological theory. To suppress the topological 
sector, one should extend the framework to introduce an Immirzi parameter in 
the theory. We postpone this generalisation to future work. 

Now the key point is that this BF formulation of strings coupled to 4D gravity 
appears to be promising from the spinfoam quantum gravity perspective. 

Spinfoam models [26] define a regularisation of the path integral of grav- 
ity based on the convergence of different fields of research, such as topological 
field theory, simplicial quantum gravity, lattice gauge theory and loop quan- 
tum gravity. Now, all known spinfoam models of quantum gravity are based on 
the Plebanski formulation of GR as a constrained topological theory. Hence, 
the framework presented here provides a spinfoam-compatible formulation of 
(spinless) strings, in the sense that it only involves structures that are explicitly 
exportable to the spinfoam framework. Furthermore, in spinfoam models, space- 
time curvature is concentrated along two-surfaces, which implies that strings 
provide the most natural candidates for curvature defects. We are currently 
investigating the construction of such models [U] . 



^Explicitly, the constraint term is of the form Cl'^yB] = -jf^j '^abcd.B'^'' A B'"'-, with * 
taking value in the symmetric part of so(r)) (X) so{ti), i.e., ^labcd] = 0- 
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6 Conclusion 

In this paper, we have studied the inclusion of point and string matter in four- 
dimensional general relativity recasted as a deSitter gauge theory. We pro- 
ceeded by introducing local symmetry breaking terms in the action supported 
by worldlines and worldsheets. Restoration of full gauge invariance has led to 
the introduction of new dynamical fields interpreted as describing matter de- 
grees of freedom. The diffeomorphism symmetry led us to the notion of position 
or embedding, while the local Lorentz symmetry gave rise to variables encoding 
momentum and spin. This physical interpretation was established by relat- 
ing our formalism to the description of particle and string theories in terms of 
Poincare group coordinates, or pseudo-classical variables a la Balachandran and 
collaborators. We have then studied the variational problem of the coupled sys- 
tem. We have calculated the deformation of the momentum and total angular 
momentum conservation laws due to curved spacetime effects. This has led us 
to Mathisson-Papapetrou and spin precession equations both for particles and 
strings. We have then derived the equations describing the gravitational field 
produced by such matter sources. For the non-spinning string case, we have dis- 
cussed some solutions related to cosmic strings. Finally, we have explained why 
this formulation of (spinless) strings was promising from the spinfoam quantum 
gravity perspective. 

We believe that the framework presented here provides potentially interest- 
ing outcomes in various directions of research, the investigations of which are 
currently under study. 
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